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Ammon [5] describes an automatic proof of Godel’s incompleteness theorem by 
the SHUNYATA program. The paper caused some questions concerning the definitions, 
lemmas, and rules given to SHUNYATA and the generality of the composition heuristic 
which produces an undecidable formula, i.e., the central “idea” of the proof. For example, 
Brtining et al. [ 81 discuss whether the composition heuristic rediscovered Cantor’s 
famous diagonal method in the proof of GBdel’s theorem. 
The composition heuristic applies elementary rules for the formation of formulas and 
predicates [5, p. 2951. For example, in the proof of the theorem that the set of sets 
of natural numbers is not enumerable, it produces a predicate defining a set of natural 
numbers [4, p. 6823. In this case, it applies two rules for the formation of predicates: 
The first rule states that n E S is a predicate if n is a natural number and S is a set of 
the natural numbers. The second rule states says that ?P, i.e., not P, is a predicate if 
P is a predicate. The application of these two rules to the set f(n) of natural numbers 
yields the predicate ln E f(n) which defines a new set of natural numbers [ 4, p. 6821. 
The construction of this predicate, which can be regarded as the central “idea” of the 
proof, ordinarily requires the application of Cantor’s diagonal method [ 11, pp. 6-81. 
In the proof of Godel’s theorem, the composition heuristic applies seven rules for the 
formation of formulas [ 5, p. 2951. The application of the first six rules yields the formula 
Vy-A( x, y). The seventh rule states that F(n) is a formula if n is a natural number and 
F(x) is a formula. Its application to the formula Vy-A( x, y) and the Godel number k 
of this formula itself yields the formula vy-A( k, y), where the numeral k represents the 
Godel number k in formal number theory [ 1 I, p. 1951. The substitution of the numeral k 
for the variable x in \JylA( x, y) ordinarily involves the application of Cantor’s diagonal 
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method [ 11, p. 2071. In the proof of the Bolzano-Weierstrass theorem, the composition 
heuristic produces a predicate that forms the central “idea” of the proof [ 5, p. 303]. 
Roughly speaking, the rules applied by the composition heuristic give the domains 
and ranges of elementary functions which form the building stones of the expressions it 
produces. The heuristic is general because it can produce any composition of functions 
from rules giving the domains and ranges of the functions. It can also bc used to 
construct the predicate A( k, n) in Definition 3 [S, pp. 297-2981. 3 The construction 01 
A (k, n) requires three additional rules. The first two rules refer to the variables F and 
rz in the formalization of the definition 15, p. 2981. They state that F is a formula and II 
is a natural number. The third rule refers to the predicate gnp(n, F) which says that the 
natural number II is the GBdel number of a proof of the formula F. The rule states that 
~np(n, F) is a predicate if IZ is a natural number and F is a formula. The concept 01’ 
formal proofs used in this rule is already contained in the Principia Mathematics [ IO, 
p. 51. The application of the three rules given above and the rules in [S, p. 2951 by the 
composition heuristic yields the predicate 
which is equivalent to the predicate A(gn( F), n) in Definition 3. The composition 
heuristic was originally developed as a learning procedure which constructed theorem 
provers automatically [ 2,4]. This also illustrates its generality. 
Five of the seven rules used for the construction of an undecidable formula [S. 
p. 2951 are elementary, general and were well-known when Gijdel discovered his proof. 
Obviously, this applies to the first two rules which state that x and y are variables. It 
also applies to the fourth und the fifth rule which state that 7F and VxF are formulas 
for any formula F and any variable X. These rules are ordinarily used to define the 
well-formed formulas in first-order logic. It is worth mentioning that any well-formed 
formula can be constructed by means of these two rules and the rule that A + B is a 
formula for any formulas A and B [ 14, pp. 46-471. The seventh rule is also elementary 
and general because it resembles the fundamental operation of substitution in formal 
number theory [ 14, p. 481. The third rule states that the formula A(x, y) in Lemma I is 
a formula [ 5, p. 2981. The lemma says that A( x, y) expresses the predicate A( k, n) in 
Definition 3, which can be constructed by the composition heuristic (see above). Giidcl 
[ 10, p. 231 is content to “indicate the outline of the proof” of his Theorem V, which 
corresponds to Lemma I, “since it offers no theoretical difficulties . .“. The sixth rule 
states that the Giidel number of a formula is a natural number. The concept of Giidel 
numbers is rather simple. Roughly speaking, a GGdel numbering is just an encoding 01 
the expressions of a formal theory into natural numbers [ 14, p. 1361. For example, the 
binary numbers representing characters and strings in a computer can be regarded as 
their Giidel numbers. 
The definitions, lemmas and rules used by the composition heuristic are contained in 
a mathematical knowledge base [ 3, pp. 15- 161. In the proof of Giidel’s theorem, the 
knowledge base also contained a definition and two rules required for proving the theo- 
rem that the set of sets of numbers is not enumerable [4, p. 6821. The two rules product 
1 The construction of the predicate A (k, II) is not yet implemented in SHUNYATA. 
K. Anmon/Artijicial lntelli,yence 95 (1997) 203-207 20.5 
no additional formulas because the proof of Godel’s theorem involves no sets. Ammon 
[S, p. 3031 explains why the composition heuristic does not produce combinatorial ex- 
plosions. Lemmas 2-5 in [ 5, p. 2981 are so trivial that many presentations of Giidel’s 
proof contain no proofs of most lemmas. Rather, it is assumed that the readers know or 
can easily prove them. For example, Godel [ 10, p.241 writes that “every w-consistent 
system is obviously also consistent” which corresponds to Lemma 3. 
For all the reasons given above, it is justified to say that the composition heuristic can 
implicitly rediscover Cantor’s diagonal method while it is constructing an undecidable 
formula, which can be regarded as the central “idea” of Godel’s proof [ 5, p. 3021. It 
is worth mentioning that the diagonal method was discovered over five decades before 
Godel published his theorem [ 11, p. 71. 
The power of SHUNYATA is due to its heuristics, which are related to reasoning 
processes of mathematicians and guide the search for a proof, and the language CL, 
which models the representation of proofs in textbooks [ 5, pp. 303-3041, Loveland [ 13, 
p.41 writes that the “design of strong guidance systems is very difficult, indeed beyond 
our present capabilities except for very small, highly structured domains.” Referring to 
theorem provers using resolution or his connection method, Bibel [ 7, p. 2651 assumes 
that a manual analysis and encoding of control strategies for many different fields 
of mathematics is not realistic. SHUNYATA contains surprisingly simple and general 
heuristics producing substitutions and terms which form the central “ideas” of proofs. 
For example, a substitution heuristic restricts the USC of substituents to all subterms 
of the theorem to be proved and then simplifies the resulting terms [4, pp.683-6851. 
By means of this simple heuristic, proofs of a number of theorems in group theory 
and of SAM’s lemma are rather trivial [ 2,6]. The substituents taken from the theorems 
form the central “ideas” of the proofs. ’ The substitution heuristic in SHUNYATA and 
unification in resolution provers ordinarily produce different substituents in a different 
order. In the proof that x2 = 1 implies group commutativity, ic., xy = yx, the applica- 
tion of the substitution heuristic yields the equations xy = xly and xly = x(xy)‘y [ 6, 
p.4091. The heuristic produces the second equation by substituting the subterm xy of 
the theorem .uy = yx for the variable x in xl = 1 and applying the resulting equation 
(XT)’ = I to the right side sly of the first equation. The substituent xv forms the 
central “idea” of the proof because the simplification of the term x( xy)*y in the second 
equation produces the term yx which completes the proof. In contrast, the application 
of unification and paramodulation to the right side xl y of the first equation and the 
equation x * = 1 yields the term xz?-v which contains a new variable z. The variable i 
can be regarded as an additional problem because it must be eliminated later. Bundy [ 9. 
p. 871 gives a paramodulation proof of the theorem that x2 = I implies group commuta- 
tivity. The first part of the proof introduces two new variables which are eliminated in 
its second part. In contrast, the substitution heuristic solves the most essential problems 
‘The application of the substitution heuristic is so trivial that a pupil at a secondary school used it to 
generate mechanical proofs of simple theorems in number and group theory, for example, a proof of the 
theorem that linear equation solvability implies the existence of an identity in a group I I, p. 244 1 LetL et 
al. I 12, p. 203 I regard such theorems as “interesting” problems for their high-performance prover SETHEO 
which uses Bibel’s connection method. 
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of the proof in the first two simple steps before a combinatorial explosion can occur 
[6, pp.408-411 I. Another example is the composition heuristic which also produces 
the central “ideas” of proofs such as an undecidable formula in the proof of Gijdel’s 
theorem. Theorem provers based on the resolution method or variants of it such as 
Bibel’s connection method cannot generate the undecidable formula [ 81. 5 In the proof 
of Heine’s theorem, an existential heuristic simply uses SHUNYATA itself, i.e., other 
heuristics, to derive the definition of a positive real number 6 whose existence is to 
be proved [ 31. The definition forms the central “idea” of the proof. Another source of 
SHUNYATA’s power is the language CL which models the ordinary representation of 
proofs in textbooks and thus reduces search spaces drastically. For example, the function 
symbols and the parentheses in terms with nested associative functions can be omitted 
in CL. This means that equivalent terms such as f( f( at, ax), ~3) and f( at, f( ~2, ~3) ) 
containing a nested associative function f are represented by expressions f( al, . . . , a,,). 
Special matching and substitution procedures process the terms at,. . . , a, as lists for 
associative functions and as multisets for associative-commutative functions [ 1, pp. 13% 
1481. 6 Thus, the procedures model reasoning processes of mathematicians. In the proof 
that x2 = 1 implies group commutativity, the application of the matching procedure for 
associative functions to the terms x2, which is represented by f(x, x), and yxy’, which 
is represented by f(y, X, y, y), in the last but one proof step yields the substitution 
y/x [ 6, p. 4091. In the proof of SAM’s Lemma, the omission of the function symbols 
and the parentheses for the two associative-commutative lattice operations reduces the 
number of proof steps from some 86,000 to just 1 11 [ 2, p. 56 11. With regard to associa- 
tive and commutative unification algorithms, a benefit of the techniques for associative 
and commutative functions in CL is their theoretical and practical simplicity (see [ 1, 
pp. 169- 1701 and [ 9, pp. 244-2501). In the proof of Godel’s theorem, CL incorporates 
the concept of substitution into special reasoning procedures which avoids the processing 
of explicit axioms for the commutativity of substitution with propositional connectives 
and quantifiers [S, pp. 292-2931. 
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